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Annals of Mathematics, 153 (2001), 259-296

Discrete orthogonal polynomial ensembles
and the Plancherel measure

By KURT JOHANSSON

Abstract

We consider discrete orthogonal polynomial ensembles which are discrete
analogues of the orthogonal polynomial ensembles in random matrix theory.
These ensembles occur in certain problems in combinatorial probability and can
be thought of as probability measures on partitions. The Meixner ensemble is
related to a two-dimensional directed growth model, and the Charlier ensemble
is related to the lengths of weakly increasing subsequences in random words.
The Krawtchouk ensemble occurs in connection with zig-zag paths in random
domino tilings of the Aztec diamond, and also in a certain simplified directed
first-passage percolation model. We use the Charlier ensemble to investigate
the asymptotics of weakly increasing subsequences in random words and to
prove a conjecture of Tracy and Widom. As a limit of the Meixner ensemble
or the Charlier ensemble we obtain the Plancherel measure on partitions, and
using this we prove a conjecture of Baik, Deift and Johansson that under the
Plancherel measure, the distribution of the lengths of the first k rows in the
partition, appropriately scaled, converges to the asymptotic joint distribution
for the k largest eigenvalues of a random matrix from the Gaussian Unitary
Ensemble. In this problem a certain discrete kernel, which we call the discrete
Bessel kernel, plays an important role.

1. Introduction and results

During the last years there has been a lot of activity around the problem of
the distribution of the length of a longest increasing subsequence of a random
permutation, its generalizations and their connection with random matrices,
see for example [Ge], [Ra], [BDJ1], [Jo3], [Ok], [BR2], [Bi], and also [AD] for
connections with patience and the history of the problem. Let 7 be a random
permutation from the symmetric group SN with uniform distribution PpermN
and let L(w) denote the length of a longest increasing subsequence in 7. It is
proved by Baik, Deift and Johansson in [BDJ1] that

(1.1) lim IPpermN[L(Ir) < 2N + tN /6] F(t)
N--oo
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260 KURT JOHANSSON
where F(t) is the Tracy-Widom distribution, (1.5) for the appropriately scaled
largest eigenvalue of a random M x M matrix from the Gaussian Unitary
Ensemble (GUE) in the limit M -- oc, see [TWI]. The probability density
function on RaM for the M eigenvalues x1,.. ., XM of an M x M GUE matrix
is

M 2
(1.2) OGUE,M(X) ZM J (Xi - Xj)2 e-x

M<i<j<M j=1
where ZM = (2w) M/22-M2/2 H1m I (j!) - 1. This probability density can be ana-
lyzed using the Hermite polynomials, which are orthogonal with respect to the
weight exp(-x2) occurring in (1.2). Using standard techniques from random
matrix theory, see [Me] or [TW2], we can write

(1-3) PGUE,M max Xk <2A+ M M1/6] det(I -CM) L2(too)'

where

) 2-MI/6 KM (V M -2-M/6' M+- 21)/6

Here Km is the Hermite kernel,

KM(X, y) TOM-1 hM(x)hM-1() - hm-l(x)hM(y) -(x2+y2)/2KsM X- y
with hm(x) = Imxm + . . ., IfR hn(x)hm(x) exp(-x2)dx = 6nm, the normalized
Hermite polynomials. It follows from standard asymptotic results for Hermite
polynomials that

(1.4) lim tM((, %/) AQg, A)4 _ Ai (()Ai '(r)-Ai '/()Ai (()

the Airy kernel, and also that the Fredholm determinant in the right-hand side
of (1.3) converges to

(1.5) F(t) = det(I - A)L2(t00) = ( k / det[A( j, iij=1dA) L2t~oo) k~=Ok! (ook

the Tracy-Widom distribution.
The problem of the length of the longest increasing subsequence in a ran-

dom permutation is closely related to the so called Plancherel measure on
partitions, which occurs as a natural probability measure on the set of all
equivalence classes of irreducible representations of the symmetric group. Let

A\ = (Al I A\2, .. I *~ v 1 0\# ...:* )IA,\ > >A2 > ... > A\t > 1, Jj A\j = N. be a parti-

tion of N, which can be represented in the usual way by a Young diagram with
t rows and Aj boxes in the jth row, see e.g. [Sa], [Fu]. Let fA be the number
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ENSEMBLES AND THE PLANCHEREL MEASURE 261

of standard Young tableaux of shape A. The Plancherel measure assigns to A
the probability

(1.6) IRPlanN [{A}] - N!
The probability measure (1.6) is the push-forward of the uniform distribution
on SN by the Robinson-Schensted-Knuth (RSK)-correspondence, see e.g. [Sa]
or [Fu], which maps a permutation 7 to a pair of standard Young tableaux of
the same shape A, and the length Al of the first row is equal to L(w). Thus,
the length of the first row behaves in the limit as N -? oc, as the largest
eigenvalue of a GUE matrix. It was proved in [BDJ2] that the distribution of
the rescaled length of the second row, T'Plan,N [A2 < 2N 4-+ tN1/6], converges
to the Tracy-Widom distribution for the second largest eigenvalue of a GUE
matrix, [TW2], and it was conjectured that the analogous result holds for the
kth row. This conjecture will be proved in the present paper. It has recently
been independently proved by Borodin, Okounkov and Olshanski, [BOO], see
below. The conjecture also follows from the result by Okounkov in [Ok]. His
proof uses interesting geometric/combinatorial methods. There are many ear-
lier indications of connections between the Plancherel measure and random
matrices for instance in the work of Regev, [Re], and Kerov, [Kel], [Ke2].

Another measure on partitions, coming from pairs of semi-standard
tableaux, arises in [Jo3], where a certain random growth model is investigated.
This measure relates to a discrete Coulomb gas on N of the form

M

(1.7) , fi (hi-h )2 f w(hj)I h E NM
l<i<j<M j=1

where ZM is a normalization constant. The weight w(x) = (X?l)qX is the
weight function on N for the Meixner polynomials, m K q(x), see [NSU]. This

measure on NM can be analyzed using the Meixner kernel

(1. 8) KfM M(X:y)

-q mM)(x)mMl (0 -mMl(x)mM(y)-q 2 MMXM-()-M-()MY (W(X)W(y))11(1 -q)dM-1 X- y
with dn = n!(n + K - 1)!(1 - q)-Kq-n[(K - 1)!]1, in much the same way as
(1.2) is analyzed using the Hermite kernel. The Meixner kernel occurs in con-
nection with probability measures on partitions also in the work of Borodin and
Olshanski, [BO 1]. The connection between certain measures on partitions and
discrete Coulomb gases with their associated orthogonal polynomials is central
in the present paper, and give them a very interesting statistical mechanical
interpretation very similar to Dyson's Coulomb gas picture of the eigenvalues
of random matrices. The difference is that in (1.7) we have a Coulomb gas on
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262 KURT JOHANSSON
the integer lattice instead of on the real line. Other statistical mechanical as-
pects of measures on partitions have been investigated by Vershik, see [Ve] and
references therein. We will refer to (1.7) as a discrete orthogonal polynomial
ensemble. We will also be concerned with the cases w(x) = axe-'/x!, x E N,
the Charlier ensemble, w(x) = (IN)pxqN-x, x C {o,... , N}, the Krawtchouk
ensemble and w(x) given by (5.19), the Hahn ensemble.

Consider the Poissonized Plancherel measure,

(1.9) P1Ian[{f}= e S WPlanN[{A}1 N!l'
N=O

on the set of all partitions, IEplan,N[{}A] = 0 if Ej Aj + N. We will prove that
this measure is a limit as q -? 0 of the Meixner ensemble. The Meixner kernel
(1.8) converges in this limit, (q = c/M2, K = 1, M -? oc), to the discrete
Bessel kernel

(1. 10) Ba(x, y) = _ Jx (2 /a) Jy+ (2 a) - Jx+? (2X) Jy (2 a)

This result can be used to give a new proof of (1.1), and also to verify the
kth row conjecture of [BDJ2], as well as to obtain asymptotic results in the
"bulk" of the Young diagram. These results have recently been independently
obtained by Borodin, Okounkov and Olshanski, [BOO], as a limiting case of
the results in [BO1]. See the paper [B02] for a discussion of the connections
between [BOO] and the present paper.

The results for the Poissonized Plancherel measure can also be obtained
as a limit of the Charlier ensemble. This ensemble arises in the problem of the
distribution of the length of a longest weakly increasing subsequence in a ran-
dom word which will be studied below. The random word problem has recently
been investigated by Tracy and Widom, [TW3], using Toeplitz determinants
and Painleve equations, see also [AD].

Before stating our results precisely we must introduce some notation. Let

P ={ C N +; Al > A2 > *... and Aj < o}

denote the set of all partitions, and p(N) {A E P; Ej Aj N}, N > 0O
the set of all partitions of N. Set t(A) = max{k; Ak > 0}, the length of A.
We will consider functions on P of the following form. Let f: Z -> C be a
bounded function which satisfies f (n) = 1 if n < 0. For a given L > 0 we
define g: P -: C by

00

(I. I g(A) = f (Ai + L - i)i
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ENSEMBLES AND THE PLANCHEREL MEASURE 263

We say that g is generated by f. Let gL denote the set of all functions g
obtained in this way and write c(g) = If IIo. Let PM {A EP; ?(A) < M}

-(N) p_)and P1NM - PM P(N) We also define, for M > 1, N > O.

QM {A C N ; Al > A2 > .> Am},
M

Q(N) { C QM; Aj = N}.
j=1

Note that there is a natural bijection between PM and Qm (and p/ and

Q(N)). If M > L, g E 9L and A E PM, then

M

(1.12) g(A) = g f f(Ai4+L-i),
i=1

since fr(n) = 1 if n < 0, and we take (1.12) as our definition of g on Qm
For m > 1 and A E P we define

Vm((A) 171 (Ai-A+t i-i),
1?<<ij<m

and m 1
Wm (A) I(AXi +, m-i) !

According to a formula of Frobenius, see e.g. [Sa] or [Fu], the quantity fA
above can be expressed as

(1.13) f N! V(,\) (A) W (,\) (A).
Let q E (0,1) and N > M. We define the Meixner ensemble on QM by

(1.14)
M-1 ___-_M)! M(A)1T( N ~ qi

FMeMN[{A}] = (j!(N- M j)! A ( M - i
Note that if we make the change of variables hi = Ai + M - i this gives us the
discrete Coulomb gas (1.7) with the Meixner weight w(x) = (x+?- l)qx, where

K - N - M + 1. For more about the Meixner ensemble and its probabilistic
interpretations see [Jo3]. We can now state our first theorem.

THEOREM 1.1. For any g E jL L > 0, and ae > 0 we have that

(1.15) I~ian[g] lii IMeaNN[g]

Thus the Poissonized Plancherel measure can be obtained as a limit of the
Meixner ensemble. The theorem will be proved in Section 2.
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264 KURT JOHANSSON
Next, we define the Charlier ensemble on QM, which can be obtained as

a limit of the Meixner ensemble, see (3.1). Given a > 0 we define

(1 16) PWChM[{A}1] j! VM(A) WM(A) [(M) e ]

on QM. Again, the change of variables hi = Ai + M - i gives a discrete Coulomb
gas, (1.7). The Poissonized Plancherel measure can also be obtained as a limit
of the Charlier ensemble.

THEOREM 1.2. For any g E !L, L > 0, and ae > 0,

( 1 .17) ~~~E(P'lan [9] = liM E(C'h,M [9]
M---oo

The Charlier ensemble has a probabilistic interpretation in terms of ran-
dom words, see Proposition 1.5. Since the Meixner and Charlier ensembles
both correspond to discrete orthogonal polynomial ensembles they can be an-
alyzed in a way similar to that in which the Hermite ensemble (GUE) is an-
alyzed. This makes it possible to prove the following theorem, compare with
[BOO].

THEOREM 1.3. Let g E gL, L > 0, be generated by f, see (1.11), and
write $= f-1. Then,

(1.18) EIPlan[g] 1 E E 4(hj) det[B (hi-L, h,- ij=
k=O hulk j=1

where B" is the discrete Bessel kernel, (1.10). Note that the right-hand side
is the Fredholm determinant of the operator on ?2(N) with kernel Ba(x - L,
y - L)q$(y).

The theorem will be proved in Section 3.
As an example we can take q(t) =-X(noo)(s) and L = 0. This gives

JPlan [Al < n] = det (I - B ) 1 2 (n n+ }) -

By Gessel's formula the left-hand side is also a certain Toeplitz determinant,
see e.g. [BDJ1], and hence we get an interesting identity between a Toeplitz
determinant and a certain Fredholm determinant on a discrete space. This
formula has recently been generalized by Borodin and Okounkov, [BoOk].

By letting ar go to infinity we can use (1.18) combined with de-Poisson-
ization techniques to prove asymptotic properties of the Plancherel measure. In
particular the next theorem generalizes the results of [BDJ1] and [BDJ2]. Note,
however, that we do not prove convergence of moments of the appropriately
rescaled random variables. In Section 3 we will prove
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ENSEMBLES AND THE PLANCHEREL MEASURE 265

THEOREM 1.4. Let x0j) denote the jth largest eigenvalue among the eigen-
values xl,..., XM of a random M x M matrix from GUE with measure (1.2).
There is a distribution function F(tl,... , tk) on Rk see (3.48), such that

(1.19) lim PGUE,M X() < 2M1/6 ' jl,..., k] = F(t,. .. , tk)

for (t,... ,tk) E Rk, and

(1.20) lim Jpjlan N[Aj ?2 N tN1/6, j 1,... ,X] =F(ti, tk)

for (ti ,I... ,tk) (E R

We turn now to the random word problem. By a word of length N on M
letters, MN > 1, we mean a map w : {1,. . .,N} I {1, . ,M}. Let WM,N
denote the set of all such words, and let PW,M,N [.] be the uniform probability
distribution on WM\HI,N where all MN words have the same probability. A
weakly increasing subsequence of w is a subsequence w(il),... , w(in) such
that il < ... < i, and w(ii) < ... < w(i,). Let L(w) be the length of a
longest weakly increasing subsequence in w. The RSK-correspondence defines
a bijection from WM,N to the set of all pairs of Young tableaux (P, Q) of the
same shape A E p(N), where P is semistandard with elements in {1,... , M}
and Q is standard with elements in {1,... , N}. Under this correspondence
L(w) = A1, the length of the first row. Note that we must have t(A) < M,
so t C (N) which we can identify with Q(fN). In this way we get a map

S: WM,N M Q(N)

PROPOSITION 1.5. The push-forward of the uniform distribution on WM,N

by the map S: WM,N - Q5 ) is

N!M-1
(1.21) JPWMN[S (A)] = IPCh,M,N[{A}] A - MN ( JJ 4)vM(A) wM(A)

on QN)0. The Poissonization of this measure is the Charlier ensemble (1.16).

Consequently,

(1.22) PWM,N[L(W) < t] = PCh,M,N[Al < t],

and for the Poissonized word problem,

00 N
(1.23) IFW M[L(w) < t] Ee N! PW,AMI,N[L(W) < t] = PFhM[Al < t].

N=O
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266 KURT JOHANSSON
Proof. See Section 4. 0
The probability (1.23) can also be expressed as a Toeplitz determinant

using Gessel's formula, [Ge], see also [TW3] and [BRI]. The formula (1.21) can
be used to prove a conjecture by TRacy and Widom, [TW3]. This conjecture
says that the Poissonized measure on QM induced by the uniform distribution
on words converges, after appropriate rescaling, to the M x M GUE measure
(1.2). In Section 4 we will prove

THEOREM 1.6. Let g be a continuous function on RM. Then

(1.24) lim E Ch,M,N [9( - .N AM-(1.24 N-40 L\ 2/M '' 2/M /
=M! wM j 9(X)qGUE,M(x)dxl ... dxm-1,

AM

where AM - {X CEM; x1 > > XM and x1 + + XM = O}. Furthermore

(1.25) lim ECh,M[g(AMM)]

M!j 9(X)qOGUE,M(x)dM x.
xYERM; X1 > ... >XM }

The case when g only depends on Al has been proved in [TW3] using very
different methods.

The formula (1.23) can be used to analyze the asymptotics of the random
variable L(w) on WM,N as both M and N go to infinity.

THEOREM 1.7. Let F(t) be the Tracy- Widom distribution function (1.5).
Then, for all t E X,

(1.26) lim IP M [L(w) < a +2V ++ + a& a1/6tl = F(t).Ce-400 W)M x M
Assume that M = M(N) -- oc as N -- oc in such a way that (log N)1/6/M(N)

-*O. Then, for all t E X,

(1.27) lim PW,M,N [L(w) < 2 + N2N+ (i+ j) N1/6t =F(t).

Proof. See Section 4. DH
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ENSEMBLES AND THE PLANCHEREL MEASURE 267

Note that when M > a, the leading order of the mean goes like 2 a
and the standard deviation like a1/6 just as for random permutations. When
M < a, we expect from (1.3) and (1.25) that

L(w) = A1 rz_1 a/M + 2a/M( 2M + t/ 2M'/6)

= a/M + 2vG + tV a/M2/3,

which fits perfectly with (1.26).

In Section 5 we will consider two problems in combinatorial probability
that relate to the Krawtchouk ensemble, namely Seppildinen's simplified model
of directed first-passage percolation and zig-zag paths in random domino tilings
of the Aztec diamond introduced by Elkies, Kuperberg, Larsen and Propp.
Since both problems require some definitions we will not state the results here.
A third problem, random tilings of a hexagon by rhombi, which is related to
the Hahn ensemble will also be discussed briefly.

2. The Plancherel measure as a limit of the Meixner ensemble

The setting is the same as in [Jo3l. Let MN denote the set of all N x N
matrices with elements in N. We define a probability measure, P' []. on MN
by letting each element aij in A c MN be geometrically distributed with
parameter q E (0, 1), and requiring all elements to be independent. Then

(2.1) Pq [A] = (1 - q)N2q>3(A)
A E MN, where Z(A) = _=1 aij. Let MN(k) denote the set of all A in
MN for which Y(A) = k. Note that by (2.1) all matrices in MN(k) have
the same probability. Furthermore we let MN(k) be the set of all matrices
A in MN(k) for which Eiaij < 1 for each j and Ad aij < 1 for each i;
MN = UkMN(k). By taking the appropriate submatrix of A E MN(k) we
get a permutation matrix and hence a unique permutation. This defines a
map R: MN(k) -- Sk, where Sk is the kth symmetric group. Note that if q is
very small a typical element in MN belongs to MN(k) for some k. This is the
crucial observation for what follows. The RSK-correspondence defines a map
K :MN(k) >_ p(k), and also a map S: Sk -. 79(k). The number of elements
in Sk that are mapped to the same A equals (fA)2. It is not difficult to see
that if A E MN(k) then K(A) = S(R(A)). Let g E GL. It is proved in [Jo3]
that

(2.2) E% [g(K(A))] =MeNN[g()]
With these preparations we are ready for the
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268 KURT JOHANSSON
Proof of Theorem 1.1. By (2.2) we see that in order to prove (1.15) it

suffices to show that

/N2(2.3) ir EN/ [g(K(A))] = EIlan[y1

Note that P [j{A} E(A) = k] = l/#MN(k), where #MN(k) - (N2-1+m)
and IP%[E(A) = k] = #MN(k)( q)N2qk, by (2.1). Thus

(2.4)
00

EI [g(K (A))x N(A) = E>I [g(K(A))x N(A) E(A) = k]W%" [r(A) = k]
k=O

00

E3 E3 g(K(A))(1 - q)N 2qk
k=O AEMN(k)

0o

(1 - q)N2 >qk >3 g(A)#{A E KIN(k); K(A) = A}.
k=O At p(k)

The number of matrices in MN(k) which are mapped to the same permutation

by R is (N), since there are (N) ways of choosing the rows and (N) ways of
choosing the columns that select the submatrix. Since K = S o R we obtain

#{A E MN(k); K(A) = A} = k (fA)2

Together with (2.4) this yields

EI4[g(K(A))x N(A)] = (1 - q)N E k N !2 g)k!

N ~ ~~~ (1-q\ N k! (N -k)!2 kln!~g
k=O /\ p (k)

= (1-a/N2)N E k! (N-N! k)!)ElPnankk[Y1

if we pick q = a/N2. Since N!(Nk(N - k)!)-l < 1 and converges to 1 as
N -- oc for each fixed k and furthermore IEPlan,k[g] < C(g)max(Lvk), it follows

from the dominated convergence theorem that

(2.5) lim Ea/N2 [g(K(A)) (A)] = Etian[g1
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ENSEMBLES AND THE PLANCHEREL MEASURE 269

To deduce (2.3) from (2.5) we have to show that if MN4 = MN \ MN, then

(2.6) EN2 [g(K(A))X * (A)] = 0.N ~~~N
By the Cauchy-Schwarz' inequality, the left-hand side of (2.6) is

(2.7) < E/N [g(K(A))2]11/2e1N 4 [M ]l/2.

If A = K(A), then ?(A) < Y(A) and from the definition (1.11) of g it follows
that

jg(K(A)) I < C(g)max(Lt(,)) < c(g)L+F,(A).

Thus,

N2 [g(K(A))] < C(g)2LE C(g)2kc [EN2N N~~~~~~I [Z (A) =k].
k=O

Since,

PN [E (A) = k] = IN 1 + )(1 ? (C o gN [Z(A~~k1Kk)K N2)K N2) k!
as N -- oc, it is not hard to show that

(2.8) EeN2 [g(K(A)) 2< C(a, g),
for all N > 1, where C(a, g) depends only on a and c(g).

Next, we note that

MNC U{Zai > 2} U U ai > 2
i~~l ,7 ,7~~=1 i

and hence

pc/N [MN] < 2Na/N IN ai.j > 21.

Since, Pgj[T3 aij > 2] = 1 - (1 - q)N - N(1 - q)N-l we obtain

paIN 2Ca2
N NN [M -1 N

Together with (2.7) and (2.8) this implies (2.6) and we are done. D

It is also possible to give a more direct proof based on the explicit formulas
similarly to what will be done with the Charlier ensemble in the next section.
Above we have emphasized the probabilistic and geometric picture.
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270 KURT JOHANSSON
3. The Plancherel measure as a limit of the Charlier ensemble

3.1. The limit of the Charlier ensemble. The Charlier ensemble is defined
by (1.16). It can be obtained as a limit of the Meixner ensemble (1.14) by
taking q = a/MN and letting N -- oc with M fixed. In this limit

(3.1) (1 ~q)MNfJ ! (N M + n(i + Mj-i)

WM (A)J7 [#AecY/MI(j=1 j. ,=1 [
so we obtain (1.16). In light of Theorem 1.1 we see that it is reasonable to
expect that the Poissonized Plancherel measure should be the limit of the
Charlier ensemble as M -- oc. The interpretation of the Charlier ensemble
in connection with random words, Proposition 1.5, also supports this since a
random word in the limit M -- oc is like a permutation (no letter is used
twice), see also [TW3]. We will give an analytical proof of Theorem 1.2 that
does not use the RSK-correspondence. We start with the following simple but
important lemma.

LEMMA 3.1. If M > ?(A), then

(3.2) VM(A)WM(A) = V#(,\)(A)W#(,\)(A)

Proof. We may assume that M > ?(A). Note that, by definition, Ai 0
if i > ? (A). Hence,

(A) 1M

Vm (A) =Vg\) (A) (Ai + j -i) U (- O
i=1 1=(()+A t(\)<i<j<M

(Ai + (A) - i)!

Thus in order to prove (3.2) we must show that

M

n j - pi)= (Ai +M -i)!j
W('\)<i<j EM i=t('\)+i

but this is immediate since Ai = 0 if i > ?(A). D
Proof of Theorem 1.2. It follows from the definition (1.12) of g(A) that
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ENSEMBLES AND THE PLANCHEREL MEASURE 271

Let PCh,M,N be defined by (1.21). Then,

(3.4) M-1 M
Each, M[g1 > g(A) j ) VM(A)2WM(A) [ e(MAA\(QM j=1 j=/ L

oo N
N!>3, e~ N! >3 g(A)ICh,M,N[{A}]

N=O XCQ(N)
M

Thus, by (3.3) and the fact that ?(A) < N if A E Q(N)
M'

(3.5) > g(A)PCh,M,N[{A}] < C(g)L?N,

since IPCh,M,N is a probability measure on Q(j). Given ? > 0 we can choose K
so large that

(3.6) >3 e-a-C(g)L+N <
N=K+1

Consequently,

K N
(3.7) EaChM[g] - >3 e >3 g(A)IPChMN[{f}] <E.

N=O >QN)

If M > K > N > ?(A), A E Q(N) we can identify Q(N) with p(N) and use
(3.2) to write

(3.8) > g(A)IPch,M,N[{f}]
AXQ(N)

M

= g(A)N!Vt(A)(A)2Wt(A)(A)2 M (Aj + M-j)! M-1>(j=1 j=1
M

(Aj (A +M- j)!
Z g(>A)hPP1an,N[A}j] 1 \ 1 (M- j)!,\(p(N) _ = iM

where the last equality is a straightforward computation using the fact that
Aj = 0 ifj > f(A). Now,

(A. + M -)! j - i (A)... -
Mj (M -j)! =1 M ... M
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272 KURT JOHANSSON
which goes to 1 as M -- oc for a fixed A. Since the sum in (3.7) is, for a fixed
K, a sum over finitely many A, we obtain

K N
(3.9) Jimt >3 a~~> g(A)IPCh,M,N[{ A}]

N=O EEQ N)

- >3 e >3 Y g(A)JPlanN[{A}.]
N=O A\ p(N)

Using (3.6) and the fact that 'PPlan,N is a probability measure on p(N), we
obtain

(3.10) iPlan[g] -E e N! > Y(A)IPPlan,N[{A}] <6.
N=O XCQ(N)

M

The theorem now follows from (3.7), (3.9) and (3.10). C

3.2. Coulomb gas interpretation of the Plancherel measure. As M -+ oc
the number of particles in the Coulomb gas representation of the Charlier
ensemble goes to infinity, so a Coulomb gas interpretation of the Plancherel
measure is not immediate. We will now show that we can actually approximate
1Pan by a Coulomb gas with K particles, which gives a good approximation
if K is chosen large enough (depending on ae).

Consider the Poissonization of the restriction of the Plancherel measure
to P(N) 00 N (fI) 2

Fj[g] e >E N! E g() (N)N 0
for g E GL. If M > L it follows from (1.12), (1.13) and Lemma 3.1 that

M

F [g] = e >3 g(A)VM(A)2WM (A)F2 Fai.AEQM i=1
When M is large, we expect that FM,[g] and Plan [g] should be close.

LEMMA 3.2. Assume that g E GL and let d > 0 be given. There is a
numerical constant C such that if M > max(L, a exp(d + 1)), then

(3.11) 1Ecan[Y1 -<FMg] ? C(c(g)e-d)M

Proof. Set

RNM[gl] =EPian.[Y - FMjg] >3 N! E g)
N=O E (N) \ (N)

This content downloaded from 195.221.160.9 on Thu, 12 Feb 2026 15:54:41 UTC
All use subject to https://about.jstor.org/terms



ENSEMBLES AND THE PLANCHEREL MEASURE 273

If N < M, then RN,M[g] = 0 since then ?(A) <? iAi = N < M, so P(N)
p(N) If N > M > L then jg(A)I < c(g)N since Ai = 0 if i > N. Thus,M 00 N

Ean[g] - Fj[g] < e N! a RN,M[g]
N=M+100 N

S eNc (g).
N=M+1

This last sum is estimated as follows. By Stirling's formula there is a nu-
merical constant C such that exp(-a)aN/N! < Cexp(-af(N/a)), where
f(x) = xlogx + 1 - x. If N/a > exp(d + 1), then f(N/a) > dN/a, and
so exp(-a)aN/N! < exp(-dN). The lemma is proved. FD

Recall from the introduction that 'PM can be naturally identified with

QM For K < M we define

QMK = {A E QM; AK+1 = = Am = ,

and QK= QM \ QM,K If I < j < M-K we set

QMK(J) = {A E QM,K; AM+11- > 0 but Ai = 0, M + 1 -j < i < M},

so that QMK = U7LKQMK(i). The next lemma asserts that ?(A) is not too
large for typical A that we will consider.

LEMMA 3.3. Let g E GL be generated by f. Assume that f satisfies

(3.12) 0 < f(x) < Cof(x - 1)
for all x E Z and some constant Co. Then

M (Coa)M3?~l
(3.13) e 5 g(A)VM(A)2WM( )2fJ&'A ? (MO )!2FM[g]

A EQMK (a) i

Proof. It will be most convenient to use the discrete Coulomb gas rep-
resentation. Set xi = AM+?1,j + j -1, j = 1,...,M and let AM(X) =
H 1<i<J?M(xj - xi) be the Vandermonde determinant. Also, set A = {x E
NM;0 < xi < < XM} and A3 = {x E A;xi<ifori<jandx?>j},
I = 1,..., M. Note that A E QMK(J) translates into x e A. If x E Ai,
then xi = i - 1 for i = 1, .. ., j - 1 and we have the first hole in the particle
configuration x at j - 1. Now,
(3.14) M M

g(A)VM(A)2WM()2FaAi = AM(x)F 2fxiAQMK(W) i=1 i=1
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274 KURT JOHANSSON
We want to show that, with high probability, the first hole must be fairly close
to M. Define Tj:3 A -A by Tj(x) = (x1, . ..,x1,x-1, .. ., XM-1) =X'.
Clearly, T: Aj -- Tj(Aj) is a bijection. Write

M ~ ~
LM(X) = A\M(x)2 17 1 f (xi +I K -M).

i=l
For x e A-,

(A M(X) 2 M (X/!)2 X M-(AM(X) 2 M 1
KAM(X')) i=1 A aM(x)) 11x2

Since M M .2
and AM(X) f Xk k _M

/\m(x/) k Xk U - 1) k k-(j-1 Vj-1
if x c Aj, we obtain, using our assumption on f,

L~() ?(Coa)M3?~l
Lce (X) < (C l LM (Tj (X)).M (M -j + )2M

Inserting this into (3.14) yields

M

e-a g(A)VM(A)2WM(A)2 JaA% = e- E LM(x)AEQMKG) i=1XEA
<(Coca)M3?l e L'Tjx)<(Coa)M3?~l g
<((M ) 1)!2 e LMA - (M-j + I)? 2

and the lemma is proved. C
LEMMA 3.4. Let g G GL be generated by f which satisfies (3.12). Assume

that M > K > max(L, e2COa). Then,

(3.15) [Fgg] <F[4] < 2((%oj')2)F+ g [g]

Proof. If A c QM,K then ?(A) < K < M and hence by Lemma 3.1, (1.11)
and the fact that QM,K and QK can be identified we obtain

M

e- g(A)VM(A) 2WM(A)2 HAi = FK[g].
A\QM,K i=l
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ENSEMBLES AND THE PLANCHEREL MEASURE 275

The left-hand side of (3.15) isM21-K M
< E3 e~ >E g(A)VM(A)2WM(A)2flasij=1 EAQM*K() i=1

MK(Coa)Mij+l
>3 (M j + )!2 F[g
j=1

? S oa)312Fag[?] < 2 ( K+l ) FM[]
j=zK+l1

by (3.13). This completes the proof of the lemma. El
We can now demonstrate how the Plancherel measure can be approxi-

mated by a Coulomb gas, (compare with the discussion in the Appendix in
[BDJ1]).

PROPOSITION 3.5. Assurne that g E SK is generated by f which satisfies
(3.12). Let K = [rvGc], r > v2Ce2. Then,

(3 16) Plan [g] =(I + 0 r )zk E AK(h)2I hi!2 II(i)
hEENKi1 =

where

Zk = AK(h)2 aH2
hErNK hi!

Proof. Write

aF,![I] FM![g] FK~[1] FKg(3.17) Plan[9] = cplan[g] - FM[g] FI?1] F[gg] FM[1] FK[4]

By Lemma 3.2

(3.18) lim Fj9g] =-planlg]
M--+oo

By Lemma 3.4 and the choice of K and r

(3.19) k[g] =1 -+ O(rK),
for any M > K, and similarly with g replaced by 1. Using (3.18) and (3.19)
in (3.17) and letting M -* oc we obtain

E P'lan[g] = (1 + O(r ) FFk [g]

which is exactly (3.16). The proposition is proved. D
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276 KURT JOHANSSON
Thus we have an approximate Coulomb gas picture of the (shifted) rows

of A under the Plancherel measure analogous to Dyson's Coulomb gas picture
for the eigenvalues of a random matrix.

Remark 3.6. The confining potential for the discrete Coulomb gas in
(3.16) is

V2 [hi] -- log( hi /(hi!)2)
K

with limit

lim V2[Kx] = 2[xlogx + (logr - 1)x] = V(x).
c0-400

We can now use general techniques for Coulomb gases, see e.g. [Jo1], [Jo3],
to deduce asymptotic distribution properties. The potential V has the (con-
strained) equilibrium measure; compare with Section 2 in [Jo3], u(t)dt, where

[ 1, if 0 <t < 1 - 2/r
u~t) = 2-7:1 arcsin( (t-1)), if l-2/r < t < 1 + 2/r

t 0, if t > 1 + 2/r.
Pick f(t) - exp(Q(t/[rcVa])) with : I:R -*I R continuous, bounded together
with its derivative and q(t) = 0 if t < 0. Then,

DO A + ~[r V/a] Zg (A) =IexpWf rl )

If we pick r sufficiently large (depending on A) we can use (3.19) and (3.20) to
show that

1 ~~~~~1+2/r
(3.20) lim 1 og f-"Pia.[g(A)] J (t)u(t)dt.

From the limit (3.20) it is possible to deduce Vershik and Kerov's Q-law for
the asymptotic shape of the Young diagram, [VK], see also [AD], where an
outline of the argument using the hook-integral is given. (The r-dependence
in the formulas above goes away after appropriate rescaling.) From what has
been said above we see that the Q-law is directly related to an equilibrium
measure for a discrete Coulomb gas. Using the general results in [Jo3] we can
use (3.16) to show upper- and lower-tail large deviation formulas for Al (= the
length of the longest increasing subsequence in a random permutation) under
the Poissonized Plancherel measure. These formulas have been proved in [Sel],
[Jo2] and [DZ] by other methods and we will not give the details of the new
proof.

3.3. Proof of Theorem 1.3. We will now use Theorem 1.2 to prove The-
orem 1.3, but before we can do this we need certain asymptotic results for
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ENSEMBLES AND THE PLANCHEREL MEASURE 277

Charlier polynomials and Bessel functions. Let

axwa(x) =ea x N a > O.
The normalized Charlier polynomials, cq (x; a), n > 0 are orthonormal on I
with respect to this weight. The relevant value of the parameter a for us will
be a = a/M, and we define the Charlier kernel

(3.21)

K)hM ~y> AScm (X;;M )CM-1 (y; M) CM-1 (X; M )cM (y; )

X W 1M (X) 112W1M (Y) 1/2I

for x 7& y and

(3.22) KChM (X, X)

=vaWa/M(X) [C' (X; M) CM-1 (X; M) -CM-1 (X; M) CM (X; M

The polynomials c,(x; 0a/M), n > 0 have the generating function

E a( )l ) 1C (X; () Wn = e-cw/M(( + w)x.

It follows from this formula that we have the following integral representations.
If O <r< V</&M, then

av 1 fr <io( MreiO\X 1(3.23) cn(X; M) M= -V/ - e re I + . ) ) dO
and if V/a/M < r, then

(3.24)

c?(X; M) = e 1 f7F eV-ree (I + Mre (0 ,Xd1M Mn 27r J~c riO)n d
_ _~sin 7rx j es Ms lx -eds

T /M X S
for any x E IR, where the powers are defined using the principal branch of the
logarithm.

We want to write the Charlier kernel in a form that will be convenient for
later asymptotic analysis. Define, for a given r > 0, x E Z,

M ( ) M /1\ ( + AV IMv
M X 9g(re i O)e 1\(v- r e 1 dODMf(xIg) 27 rVa- +- (reiO)M
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278 KURT JOHANSSON
FMi (X, g) - 1)x+M+1 / g(S)e<(1?s) | - Ms -Mcls

if r > V/&/M, and if r < V/&/M, then Fr(x, g) = 0. Then, some computation
shows that when x is an integer (the case we are interested in),
(3.25)

DMf (XI 9g)Df (y, 92)- Da (X, 92)Dfr(y, g9)KCh,M (XI y) AX()Ayy)I
when x =h y, and

(3.26)

KChM(X) X) AM(X) [DM (X, 92)D" (x - 1, 93) - Df (X, gi)D rx (X-1, 94)]

+ AM(x) [FMj(X, gj)Df (x, 92) - FMr(X, 92)Df (x, gi)],

where gi(z) 1, 92(Z) = z-1,

93(z)= z) log( M)
and g4(Z) = 92(Z)93(z). Note that all the gi's are bounded on IzI =r.

The discrete Bessel kernel is defined by (1.10) for x -- y and

(3.27) Be (x, x) = V[LX (2a) Jx + (2 V) - Jx (2 cV)Lx+ (2 cV)]

for x = y, where LX(t) = d Jx (t). The Bessel function has the integral repre-
sentation

(3.28)

1 ( c7r )aJ(&e-i-reiO)+ixOrdO - sin 7rx X ds27r J7 F sI
for x E IR, r > 0. Differentiation shows that for integer x,

(3.29) Lz (2 v) - 2 log(reiO)ev l(editrei)irxdO
r ~~~ds

(-1)X eO(al/s+s) sx
S

The next lemma shows that the discrete Bessel kernel is the M - oc limit
of the Charlier kernel and establishes some technical estimates. (We will only
consider the case when x, y are integers but this restriction can be removed.)

LEMMA 3.7. For any x, y E Z,
(i)

(3.30) lim KChM(M V+ X, M + Y) = B(XI y).

(ii)

00

(3.31) B " (X, y) E Jx+k (2a) Jy+k (2 cv).
k=1
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ENSEMBLES AND THE PLANCHEREL MEASURE 279

Furthermore, there is a constant C = C(ca, L), such that
(iii)

0o

(3.32) E KCh,,A/I(M + xI M + x) < C
x=-L

if M is large enough, and
(iv)

00

(3.33) Z Bc(x, x) < C.
x=-L

(In (3.33) we can take C(ca, L) = cV/ 2 + L.)

Proof. We have to show that (3.25) and (3.26) converge to (1.10) and
(3.27) respectively. Using Stirling's formula we see that Ac, (M + x) -* A/ as
M -* oc. The result then follows from the integral formulas above, the fact
that

lim e; (1 - z) ( c-+ Mz I (M 1 = /z-Z) y
M-400 cvl -F M) zM

and 93(Z) -) zlogz as M -* oc. This establishes (3.30). The identity (3.31)
follows from the recursion relation Jx+ (t) = 2xJx (t)/t- Jx- (t), which implies

Bc(x, y) = Jx+1(t)Jy+1(t) + Bc(x + 1, y + 1),

and (3.31) follows by using the decay properties of the Bessel function; see
Lemma 3.9 below.

The estimate (3.32) is proved using the formula (3.26). Stirling's formula
can be used to show that Ac' (x + M) < 2Vac for all x > 0. We have

|V- + Mz M1 XV + Mz Y < ? ( X) H Y
V- + M |ZIM |V- + M MIz V M

< exp((1 - -) 1 )(1-5/2)y

if Jzj = r 1 - a and M > 2+/&/a. This estimate can be used in the integral
formulas for D"f and FZr and we obtain

1/2 (M + X )I iFD1/2 (M + X ) I < Ce4v(3)xM ~~~~~~~~~~~4
Thus, 00 003

Z K~hCM(M + x, M + X) < CVe4& Z (3)xx=-L x--L
The estimate (iv) can be proved in a similar way but we can also proceed

as follows. Using the generating function for the Bessel functions J (t), n C Z,
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280 KURT JOHANSSON
one can show that Z=i n2 Jn (t)2 = t2/4, see [Wa, 2.72(3)], and EZ-l Jn(t)2 =

- Jo(t)2) < 1/2, so by (ii) and the fact that B(x, x) < 1,

00 ~~~~~00
B(x, x) < L + ZnJn(2 < a/) / + L,x=-L n=1

where we have used the Cauchy-Schwarz inequality. The lemma is proved. D

We are now ready for the

Proof of Theorem 1.3. We haveM-1 I M M Ai
EJChM[gl = fA j! llf(Ai + L-i)VM(A)2WM( A) y el/j= . AEQM i=1 i=1

If we make the change of variables hi = Ai + M - i, this can be writtenI M M
EOCh,M[9g = >3 ]7J(I + b(hi -M + L))AM(h)2 MwO/M(hi)

M hEEMi=1M

Now, using a standard computation from random matrix theory, see [Me],
[TW2], we can write this as

M-1 k
(3-34) EChM [9]= E E H (hi) det (K'ch, M (hi + M- LI hj + M- L))i l

k=O hEgITk i=1

since q(t) = 0 if t < 0. The Charlier kernel is positive definite, so we have the
estimate

k

det(K'ChM(Xi, Xj))iJ=l| < I KChM(Xj, Xj).
j=_

Thus, by Lemma 3.7(iii),

k

A J7J fb(hi) det(KChM(hi + M - L, hj + M -L))ij=
hEck i=1 /00 o k

< S0 >3 (dC'hM(M + X M + x)) < (C0|kb00)
x=-L

The analogous estimate for the Bessel kernel follows from Lemma 3.7(iv).
These estimates and Lemma 3.7(i) allow us to take the M -* oc limit in
(3.34). By Theorem 1.2 this gives (1.18). The theorem is proved. D

Note that we could just as well use Theorem 1.1 and the Meixner ensemble
to prove Theorem 1.3. The proof would be the same and we just have to prove
(3.30) and (3.32) for the Meixner ensemble instead.
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ENSEMBLES AND THE PLANCHEREL MEASURE 281

3.4. Asymptotics of the Plancherel measure. Theorem 1.3 can be used
to analyze the asymptotic properties of the Plancherel measure in different
regions. One can distinguish three cases corresponding to three different scaling
limits of the Bessel kernel. First we have the edge scaling limit,

(3.35) lim ac1/6Ba (2 c/ + (1/6, 2 ca + jat 1/6) = A(, A)

where A is the Airy kernel defined in (1.4). This is the case that is considered
in Theorem 1.4. Secondly we have the bulk scaling limit,

(3.36) lim Ba(r V/, r Va + ) = sin(uR)

U E 7,-2 < r < 2, where R= arccos(r/2); the right-hand side is the discrete
sine kernel. We will not discuss the local behavior in the bulk of the Young
diagram; see [BOO]. Thirdly we have an intermediate region,

(3.37) lim ircv1/4-J/2BCJ(2 cv- + - rocJ/4-J/2 2174 + 7r77C 2/4--/2)
a__00

sin 7( -
7F( -Y/)

if 1/6 < 3 < 1/2, the ordinary sine kernel. Thus in this region the local
behavior is the same as that in the bulk in a random Hermitian matrix. The
limits (3.35) to (3.37) can be proved using the saddle-point method on the
integral formula for the Bessel function. From the point of view of the Coulomb
gas picture of the Young diagram, the cases one and three are similar to the
random matrix case since at the edge a discrete Coulomb gas approximates a
continuous Coulomb gas. Case two is different however, since in the bulk the
discrete nature is manifest; the charges sit close to each other.

Before turning to the proof of Theorem 1.4 we have to say something
about de-Poissonization, the joint distribution of the first k rows (k largest
eigenvalues) and the asymptotics of the Bessel kernel.

We have the following generalization of a lemma in [Jo2].

LEMMA 3.8. Let AN = N + 4 NlogN andtVN= N-4VNlog-N. Then
there is a constant C such that, for 0 < xi < N,

(3.38) pPIPN[ ?xl,*,Ak? k]- N2 < PPIanN[A < X1, .. Ak < Xk]
C

K IPplan[Al < XI,)... Ak < Xk] + N2

Proof. This is proved as Lemmas 2.4 and 2.5 in [Jo2]. Denote a permu-
tation in SN by 7F(N) and let SN+I (j) denote the set of all 7F(N+l) such that
wF(Nf+l)(N + 1) = j. Each 7F(N+l) in SN+1(j) is mapped to a permutation
Flj(wr(N+?)) in SN by replacing each wF(N+l)(i) > j by wr(N+l1)(i) - 1. The map
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282 KURT JOHANSSON
Fj is a bijection from SN+1 (j) to SN. Apply the Robinson-Schensted corre-
spondence to Fj (w(N+1)) to obtain the P-tableau. Replace the entries i by
i + 1 for i = j, . .. , N and then insert j. This insertion can only increase the
length of any row and we obtain the P-tableau for 7F(N+l). Thus,

Ai (Fj (7r (N+I) )) < Ahi (7(N+1)) )

for all rows. If we define g(wr(N)) to be 1 if Ai(7rN) < xi for i = 1,... , k and 0
otherwise, we see that

g(Fj(_F( ))) > g(1FrN ),

and we can proceed exactly as in [Jo2] using the fact that the Plancherel
measure on p(N) is the push-forward of the uniform distribution on SN. ?

For x EE JM, n E Nk and a sequence I = (I, ... , hk) of intervals in Et we
let x(1, n, x) denote the characteristic function for the set of all x E EM such
that exactly nj of the xi's belong to Ij, j = 1, . .. , k. A computation shows
that for a single interval

1 &nj M
x(Ij, nj, x) = ni) 7j(i + ZjX?j (Xi))

and hence

(339) x(In~x) = 1M k
(3-3 9) X (1, n, X) = ni! ... nk! OZj n. nk I Jl(1 + ZjXI; (xi))

3 zj i=1 j1 z1 ==Zk=
Note that if the intervals are pairwise disjoint, then H=1 (1 + ZJXIj (xi)) -
1 + Ekt1 zjx (xi); compare with [TW2].. Let P be a probability measure
on EM and let a, > > ak. Set Ij+1 = (aj+l,aj], j = 1,..., -1 and
1= (al,oo). Let

r

Lk={nENk; Znj ?r-1, r=1,...,k}.
j=1

Define x(i) to be the jth largest of the xi's. Then,

(3.40) IP[x(1) < al, ... .,x(k) < ak] = E [X(%, n, x)].
nfELk

Hence, the problem of investigating the distribution function in (3.40) reduces
to investigating expectations of the right-hand side of (3.39).

In the proof of Theorem 1.4 we will need some asymptotic results for
Bessel functions.
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ENSEMBLES AND THE PLANCHEREL MEASURE 283

LEMMA 3.9. Let MO > 0 be given. Then there exists a constant C
C(Mo) such that if we write x = 2 cF + (J1/6, then

(3.41) Jx (2 )I < Ca1/6 exp - min (!,1/6 -a 1/2) HI

for ( E [-MO, oc). Furthermore

(3.42) lim ag1/6JX(2 /i)
uniformly for ( E [-MO, MO].

This can be deduced from classical asymptotic results, [Wa] and it is also
rather straightforward to proceed as in Section 5 of [Jo3] using the integral
formula (3.28).

We are now ready for the

Proof of Theorem 1.4. We will prove (1.20). The proof of (1.19) is analo-
gous using the Hermite kernel instead. From Lemma 3.8, the fact that a dis-
tribution function is increasing in its arguments, that the distribution function
F(t, .. ., tk) is continuous and pN- NN 2 logN, N- VN 2 o-gN,
we see that it suffices to prove that
(3.43)

lim PPIan[A -1 ?< 2/ + t1oil/6, . Ak - k < 2- + tkOa1/6] = F(t,... tk)

for any fixed (t, ... , tk) E Rk, .>. tk. Set

'j?1 = (2v/a + tj+? 2 /6,a2- + tj a'/6], j 1,...,k- 1
and I1 = (2A/E + t1al/6, oc). By (3.39) and (3.40) it is enough to consider the
expectations

Fo k

(3.44) E i Ian (1 + zjX13(Aj -))
i=1 j=1

If we write 0Lg(s) = Hlk1(1 + ZjXij(s)) - lit follows from Theorem 1.3, with
L = 0, that the expectation (3.44) can be written as

00 k
(3.45) F,(zEt) = E 7 q5X(hj) det [B" (hi, hj)]i~1.

k y{ j=k=O hErqk j=1

Note that Fot(z,t) is an entire function of z. Set Jj+j = (tj+ltj], j = 1,...,
k - 1, J1 = (ti, Io) and write 4iQs) = Hk I1(1 + zjXjj (s)) - 1. Define

0o 1 k
(3.46) F(z, t) = E V ) f (Jj) det[A (i, I)]fi.j
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284 KURT JOHANSSON
We want to show that

(3.47) lim F, (z, t) = F(z, t),
uniformly for z in a compact subset of Ck. Then also derivatives of F (z, t)
converge to the corresponding derivatives of F(z, t). The limit (3.43) then
follows with

(3.48) F(tl,.. . tk) E zn F(z. t)lnEkn!... nlk! zIi~ .. k z1= ... Zk=-l

So it remains to prove (3.47). Note that q5,(s) = 0 if s < 2 c/+tkcJ/6 and
that q5 (s) = V)(a-l/6(s-2 ea)). Given r E E we set A(r) = {r, r+1, r+2, ..}.
Then,

(3.49) Fce (z E t ! 3 r A () 1/6) det [B ((, ?7)] (1/6)1
1=0 hEA(tk Ce1/6)1 j=1 a

where Ba(1,r1) = ce1/6B"(2Vac + (c 1/6, 2 c/ + rqaJ/6). We can now prove
that (3.47) holds pointwise in z by the same argument as was used in the
proof of the analogous statement in Section 3 of [Jo3]. That proof depends on
the following properties of the kernel; compare with Lemma 3.1 in [Jo3] and
Lemma 4.1 below.
(i) For any Mo > 0 there is a constant C = C(Mo) such that for all > >-MO

00

S B (2 a/ + LcJ1/6 +Tm 2A/ + (Lo/6 + m) < C.
m=1

(ii) For any ? > 0, there is an L > 0 such that
0o

EBce(2va/& + La 1/6 + m, 2V+a- + Lal1/6 + mn) < E,

m=l

for all sufficiently large oa.

(iii) For any Mo > 0 and any 6 > 0

| T - / 1/6 ) (1/6) 1/6)
for all integers m, n C [-Mocal/6, Mocl/6] provided ar is sufficiently large.
The estimate (i) is used to estimate the tail in the k-summation in (3.49),

(ii) is used to limit the h-summation and (iii) is used to prove that the Riemann
sums converge to integrals.

If z belongs to a compact set K there is a constant C, independent of z,
such that II 1OO < C. Together with (i) this shows that the family {F,(z, t)}
is uniformly bounded for af > 0, z E K and hence (3.47) holds uniformly by a
normal family argument.
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The properties (i) to (iii) above are straightforward to prove using the
representation (3.31) and Lemma 3.9. To prove (i) and (ii) we use00 00

S B(x + m, x + m) = EnJx+n+ (2 a,m=l n=1
which can be estimated using (3.41) (we get a Riemann sum). Similarly,
Bf( n6, m6) can be written as a Riemann sum, using (3.31), which is con-
trolled using (3.41) and (3.42). This Riemann sum can be compared with the
corresponding Riemann sum for the following representation of the Airy kernel,
[TWI],

A((, r7) j Ai (( + t)Ai (r1 + t)dt

and in this way we obtain (iii).

4. Random words and the Charlier ensemble

In this section we will prove our results on random words.

Proof of Proposition 1.5. Let L(M, N, A) denote the number of pairs
(P, Q) of tableaux of shape A &E Q(N) with P semistandard with elements
in {1,-.. , M} and Q standard with elements in {1, ... , N}. Then

1(4.1) PW,M,N[S 1(A)] NL(M, N,A).

The number of possible P's is, by [Fu],

(4.2) dA(M) f AE -A= j i(Afihi) VMM(A),1<i<j<M j=1
and the number of possible Q's is fA given by (1.13). By (4.2), (4.3) and
Lemma 3.1 we obtain

(4.3) L(M, N, A) = N! ( 4)) VM(A) 2WM(A).

Inserting the formula (4.3) into (4.1) yields the desired result (1.21). The
formulas (1.22) and (1.23) are immediate consequences. The proposition isproved. C]

Next, we give the
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286 KURT JOHANSSON
Proof of Theorem 1.6. We will prove (1.24); the proof of (1.25) is analo-

gous. Both are straightforward asymptotic computations using Stirling's for-
mula and we will indicate the main steps. Set

xj= , - j=M 1...,M.

Note that EZM1 x; =0, since EZM 1 Aj = N. Then,

(Aj + M - j)! N (Z)M expiN/M~ o(l)
as N -* oc, and hence

/2N M/2N N__ M-1)/2 M 2W (pi) (27rN ) N f M ) / I-2Wm (A) - M) (MN?M( ej.
j=1

Furthermore,

VM(A)2 = XMiII - Xj +( ) l<i<j<M 2NIM1
and consequently

(4.4)

IPCh,M,N[{A}] 7rM(27r) /22M/2 jjj1 A(x) fj ezi (2T) (M-1)/2j=1 j! j=1
=IFMM!SGUEM(X).

From this we see that the left-hand side of (1.24) is approximately a Riemann
sum for the right-hand side, which in the limit N -* oc converges to the right-
hand side. The factor M! in the last expression in (4.4) comes from the fact
that in (4.4) the variables are ordered. This completes the proof. E]

For the proof of Theorem 1.7 we need asymptotic results for the Charlier
kernel analogous to those for the Bessel kernel in the proof of Theorem 1.4.

LEMMA 4. 1. Let v = M + ajM + 2Vai and o- = (1 + A/&/M) a .
(i) For any Mo > 0 there is a constant C = C(Mo) such that, for all

integers n > -Moo-,
00

(4-5) ZKCh,M(HVI +n+m, [vH +n+m) < C.
m=1

(ii) For any ? > 0 there is an L > 0 such that
00

(4.6) E KCh,M([V] + [(JL] + m, [v] + [crL] + m) < c
m=l

if M, a are sufJficiently large.
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ENSEMBLES AND THE PLANCHEREL MEASURE 287

(iii) For any Mo > 0 and any ? > 0,

(4.7) u<7KCh,M([V] + m, [v] + n) - A (0-f ) ? 0

for all integers m, n E& [-Mou-, Moo-] provided ar and M are sufficiently large.

Proof. The proof is based on the formulas (3.25) and (3.26) for the Char-
lier kernel. The proof is completely analogous to the proof of the corresponding
result for the Meixner kernel in Lemma 3.2 in [Jo3, ?5], so we will not give
the details here. Asymptotic formulas for Charlier polynomials with fixed
a = ajM have been obtained in [Go]. C:

Proof of Theorem 1.7. By (1.16) and (1.23)M M
IPWM[L(w) < s] ME(h) wclm(hi))

j=1 heNM j= M
maxh?<s+M-1

where we have made the substitution hi = Ai + M - i. Using Lemma 4.1
this can be analyzed exactly as the analogous problem involving the Meixner
weight in Section 3 in [Jo3]. Lemma 3.1 in [Jo3] gives

(4.8) P''WM [L(w) ? + 2 c/- + (I + )2/31l -*(4.8) W M ( M)
as c, M -* oc with F(s) given by (1.5). This proves (1.26). Next, we observe
that for fixed M, lPW,M,N[L(w) < s] is a decreasing function of N, which can
be proved as the corresponding result for permutations in [Jo2]. Thus, with

UN and VN as in Lemma 3.8, we have

(4.9) p Of M[L(W) < s] - N2 < PWMN[L(W) < s] < P'(NjM[L(w) < s] + N2

Set s(ca, M, c) M + 2A/& + (1 + A-) 2/3cJ/64. Then, s(N, M, S) s(/IN, M,
) + )and s(N,M,() S(VNM, + '),where 6,8' -* 0 as M,N -* oc if
M-1(log N)1/6 converges to 0 as M, N - oc. Thus, (1.27) follows from (4.8)
and (4.9) and the theorem is proved. C]

5. Applications of the Krawtchouk ensemble

5.1. Seppildinen's first passage percolation model. The Krawtchouk en-
semble is defined by (1.7) with the weight w(x) = (4K)pxqK-x, 0 < x < K, i.e.

we consider the probability measure

IPKr,N,K,p[h] = (h) 2 ( )P hiqKhi
ZN,K,p _= hj_
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288 KURT JOHANSSON
on {O ... , K}N, where ZNKp = N! (HINio1 (K)!) (K!)N(pq)N(N-1)/2. The

first problem where the Krawtchouk ensemble appears is in the simplified first-
passage percolation model introduced by Sepphlinen in [Se2]. Consider the
lattice N2 and attach a passage time T(e) to each nearest neighbour edge. If
e is vertical T(e) = To > 0, and if e is horizontal then T(e) is random with
P[T(e) = A] = p and P[T(e) = /M] = q = 1-p, where , > A > 0, 0 < p < 1. All
passage times assigned to horizontal edges are independent random variables.
Hence, all randomness sits in the horizontal edges. The minimal passage time
from (0,0 ) to (k, 1) along nearest neighbour paths is defined by

(5.1) T(k, I) = min ZT(e)
p

eEp

where the minimum is over all non-decreasing nearest neighbour paths p from
(0,0 ) to (k, 1). The time constant is defined by pt(x, y) limnO4T([nx], [ny]).
(The existence of the limit follows from subadditivity.) In [Se2] it is proved,
using a certain associated stochastic process, that

(5.2) ,u(xy) { Ax + Toy, if py > qx
Ax +Toy + (r,-A) (Vq-x- Vpy) 2, if py <qx.

We will show that the distribution of the random variable T(k, 1) relates to the
distribution of the rightmost charge ("largest eigenvalue") in a Krawtchouk
ensemble.

Write M = k , N = 1 + 1 and consider an M x N matrix W whose elements,
w(i, j), are independent Bernoulli random variables, P[w(i, j) = 0] = q and
P[w(ij) 1] = p = - q. Let IIM,N be the set of all sequences wr
{(k,Ak)} L1 such that 1 < ji < ... < M < N i.e. up/right paths in W with
exactly one element in each row. Introduce the random variable

(5.3) L(W) = max { w(i, j) ; 7w E HMN}
(ij2) E 7

Write p = 1/q-1, so that q = (1+p)-1 andp = p(1+p)-1. It is straightforward
to show that

(5.4) T(k, 1) = loo + kt, - (t - A)L(W).
PROPOSITION 5.1. Let L(W) be defined by (5.3) with W an M x N 0-1-

matrix with independent Bernoulli elements w(i,j), the probability of 1 being p.
Then,

(5.5) P[L(W) < n] = PKr,N,N+M-1,p [ max hi < n + N - I.
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Proof. Interpreting the formula (7.30) in Theorem 7.1 in [BRIj in the
appropriate case, we get

f(A)

(5.6) P[L(W) < n] = (1 + p)<MN S d(M)dA'(N) 171 PAiACT' i=1
t()<n

where A' is the partition conjugate to A, A' is the length of the k th column
in A, and d>\(M) is the number of semi-standard tableaux of shape A with
elements in {1, ... , M}; if T(A) < M, d>\(M) is given by (4.2). The proof of
(5.6) is based on the RSK-correspondence between 0-1 matrices and pairs of
semistandard Young tableaux (P, Q) where P has shape A and Q has shape
A', see [Fu], [St]. Set

QM(N) {A Qm; N > Ai > .. AM > 0}.

Since d>\(M) 0 0 if t(A) > M and d>\/(N) 0 if Al > N, (5.6) can be written
as

(5.7) P[L(W) < n]
A/15/-1 1 N-i A RI

(1 + p)-MN S I VM (A) VN(A') JpAi.+ ( 1* = * AcQ (N) i=1
f(A) <n

Note that A E QM(N) if and only if A' E QN(M) and t(A) = A.

LEMMA 5.2. Ifu E QN(M), then

NX+M-I N
(5.8) VMCU') ( f ! VN(U)WNGU)U (M+ j-1-l)!

Proof. One way to prove (5.8) is to use the fact that VM(/')WM(/')
- VM (C)WM (p) by the hook formula for f /; compare with (1.13) and Lemma
3.1. We will give another proof. Set si = - i + N + 1-i, 1 < i < N and
r = N + j-,1 < j < M. Then,

(5.9) {5S, SNI U fr,*** rMl = {1I,-, N + MI.
To see this, notice that since 1 < si, rj < N + M it suffices to show that
Si -7 rj for all i, j. Looking at the ,u-diagram one sees that bi + <2 < i + j - 2
or pij + ,u > i + j, which implies si -7 rj.

Let nk = 1 if k E {s1,...,SN} and nk = 0 if k E {rl,...,rM}, k
1, .. ., N + M. Then, by (5.9),

(5.10) VM(/j') = J (1 - k) (l-nk)(l-n).
1<k<l<N+M
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290 KURT JOHANSSON
Now,

fI (1 - )knl = VN(U),
1 <k<l<N+M

N N+M N
(1 (- k)nk = 1 - (ISj) = J(N + M -Hi)!

1<k<l<N+M y=1 l=s?+l j=1
and N si-i N

(1 (-k)nl = (s - (S}k) =s -a(S 1)!.
l<k<l<N+M i=1 k=1 j=1

Inserting this into (5.10) gives the formula (5.8). The lemma is proved. ED

We can now finish the proof of the proposition. If we write ,t = A', we see
from (5.8) that (5.7) can be written as

(5.11)

P[L(W) < n] + p)-MN 17 (j+M)!
y=O

N i
X S, VN(/) (/) WN(M + j))!
ALEQN(M) =

[Li <n

As usual we introduce the new coordinates hi = Mu + N - j. Then, using
p= 1/q - 1, we obtain

P[L(W?rt1I jj-1 ( + M)! (pq)N(Nl1)/2

N!~~~ ~~ Nl ,; M( - I ))
x 5 AN(h)2 fI (N +-M 1)PhhN+M-1-hjhECIN j=1 h

max(hj ) <n+N-1

which completes the proof. ED
Using Proposition 5.1 we can prove a limit theorem for the first passage

time T(k, 1). The result should be compared with Remark 1.8 and Conjecture
1.9 in [Jo3].

THEOREM 5.3. If lt(x, y) is given by (5.2),

- (pq) 1/6 qy2 )2/3( /-_ VPy)2/3
(Xy) /6(px+q y
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and py < qx, then

urn IF T([nx], [ny]) - nrtu(x, y)n--oo a (, y)nl/3
where F(t) is the Tracy- Widom distribution (1.5).

Proof. The proof uses (5.4) and Proposition 5.1 and is analogous to the
proof of Theorem 1.7, the difference being that we now need the analogue
of Lemma 4.1 for the Krawtchouk polynomials. This can be obtained from
a steepest descent analysis of the integral formula for these polynomials in
much the same way as in the analysis of the Meixner polynomials in Section
5 of [Jo3]; see [Jo4] for some more details. The time constant is related to
the right endpoint of the support of the equilibrium measure associated with
the Krawtchouk ensemble, and the constant o(x, y) comes out of the steepest
descent argument. We can also get large deviation results by using the generalresults of Section 4 in [Jo3]. D

5.2. The Aztec diamond. We turn now to the relation between the
Krawtchouk ensemble and domino tilings of the Aztec diamond introduced
by Elkies, Kuperberg, Larsen and Propp in [EKLP]. The definitions are taken
from that paper and the papers [JPS] and [CEP] where more details and pic-
tures can be found. A domino is a closed 1 x 2 or 2 x 1 rectangle in I2 with
corners in Z2, and a tiling of a region R c RI2 by dominoes is a set of dominoes
whose interiors are disjoint and whose union is R. The Aztec diamond, An, of
order n is the union of all lattice squares [in, n + 1] x [1, 1 + 1], in, 1 E Z, that
lie inside the region {(x, y); IxI + IyI < n + 1}. It is proved in [EKLP] that the
number of possible domino tilings of An equals 2n(n+l)/2. Color the Aztec dia-
mond in a checkerboard fashion so that the leftmost square in each row in the
top half is white. A horizontal domino is north-going if its leftmost square is
white, otherwise it is south-going. Similarly, a vertical domino is west-going if
its upper square is white, otherwise it is east-going. Two dominoes are adjacent
if they share an edge, and a domino is adjacent to the boundary if it shares an
edge with the boundary of the Aztec diamond. The north polar region is de-
fined to be the union of those north-going dominoes that are connected to the
boundary by a sequence of adjacent north-going dominoes. The south, west
and east polar regions are defined analogously. In this way a domino tiling
partitions the Aztec diamond into four polar regions, where we have a regular
brick wall pattern, and a fifth central region, the temperate zone, where the
tiling pattern is irregular.

Consider the diagonal of white squares with opposite corners Q', k
O,...,n+1, where Qrk= (-r+k,rn+1 -k-r), r= 1,...,n. A zig-zag path
Zr in A, from Qk to Q,+? is a path of edges going around these white squares.
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When going from Q' to Q+ we can go either first one step east and then one
step south, or first one step south and then one step east. A domino tiling on
A, defines a unique zig-zag path Zr from Q' to Qn1 if we require that the
zig-zag path does not intersect the dominoes. Similarly, we can define zig-zag
paths from Po = (-r, n - r) to Pn = (n - r, -r) going around black squares.

We consider random tilings of the Aztec diamond, where each of the
2n(n+l)/2 possible tilings have the same probability. This induces a proba-
bility measure on the zig-zag paths. Consider a zig-zag path in An from Qk
to Qr+1 around white squares. Let hr < ... < hi be those k for which we go
first east and then south when we go from Qr to Qr k = O... , r; there are
exactly r such k if the zig-zag path comes from a domino tiling, [EKLP]. Call
this zig-zag path Zr (h).

PROPOSITION 5.4. Let {hi I ... v hr} C {O ... , n} be the positions of
the east/south turns in a zig-zag path Zr(h) in the Aztec diamond An from
(-r, n + 1 - r) to (n + 1 - r, -r) around white squares. Then, the probability
for this particular zig-zag path is

(5.12) P[Zr(h)] = Krr,,n,1/2 [h].
If {hi) ... hr} C {O... , n- 1} are the positions of the south/east turns in a
zig-zag path Zr(h) in An from (-r, n - r) to (n - r, -r) around black squares,
then

(5.13) P[Zr(h)] = PKrr,n-1,1/2 [h].

Proof. Let Ur (h) be the number of possible domino tilings above Zr (h) in
the Aztec diamond. From the arguments in [EKLP], see also [PS], it follows
that

(5.14) blr(h) = 2r(r-l)/2 hi h j hj
1<i<j <r

Let k <... < kn+i-r be defined by

fAl ki .., n+l-rl = f 0) .. n} \ hi) .. )hr}.

If Ir(h) is the number of domino tilings of the region below Zr(h) in An, then,
using the symmetry of the Aztec diamond, we see that

(5.15) Lr(h) = 2(n+l-r)(n-r)/2 Ij -i
1<i<j<n+l-r j

Thus, the probability for a certain zig-zag path Zr = Zr(h), specified by h, is
(5.16)

2(n+l-r)(n-r)/2+r(r-l)/2 hi- h kj - kiP[Zr(h)] =
1<i<j<r l - 1<i<j<n+l-r :
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If we let hij=,ti+r-i, 1< i < rand kj = r+j-1- 1 <j < n+1 -r,
then ,t and ,t' are conjugate partitions; compare with the proof of Lemma 5.1
(N = r, M = n + 1 - r, si = hi + 1, r3 = kj + 1). We see from (5.16) that

(= i! ) =1 )!
where ,t E Qr((n + 1 - r). We can now apply Lemma 5.1, which gives

P[Zrh)1~2r(r-1) r-1 (n T(Tt r1
[Zh)] 2'I)r rI ( )Vu2 1,t(b + r -j) 2n'j=1 j!j=1

Now, hi = pi + r - i, so we obtain

(5.17) P[Zr(h)] =- (n!)r 1 j! ) Ar(h)2 fj ( ?(arj-1 j! =1 h= 2
which is the Krawtchouk ensemble. Note that in (5.17) the order of the hi's
is unimportant, so we can let {hi ...,hr} C {Of ... ,n} be the (unordered)
positions of the east/south turns. A completely analogous argument applies to
the zig-zag paths in An from PO to Pn around black squares. This completesthe proof. D

It is proved in [JPS] that, with probability tending to 1 as n -+ oc, the
asymptotic shape of the temperate zone is a circle centered at the origin and
tangent to the boundary of the Aztec diamond (the arctic circle theorem).
This can be deduced from Proposition 5.4 and the general results in Section 4
of [Jo3]. The arctic circle is determined by the endpoints of the support of the
equilibrium measure (or the points where it saturates). Also, from Theorem
5.3, we see that the fluctuations of the temperate zone around the arctic circle
is described by the Tracy-Widom distribution. This can also be deduced from
the fact, derived in [JPS], that the shape of a polar region is related to the
shape of a randomly growing Young diagram. The growth model obtained is
exactly the discrete time growth model studied in [Jo3], and we can apply the
results of that paper. See [Jo4] for more details.

Finally, we will shortly discuss another random tiling problem related to
plane partitions using the combinatorial analysis by Cohn, Larsen and Propp
in [CLP]. For more details and pictures see the paper [CLP]. Plane partitions
in an a x b x c box can be seen to be in one-to-one correspondence with tilings of
an a, b, c-hexagon with unit rhombi with angles wr/3 and 2wr/3, called lozenges.
An a, b, c-hexagon has sides of length a, b, c, a, b, c (in clockwise order), equal
angles and the length of the horizontal sides is b. If the major diagonal of
the lozenge is vertical we talk about a vertical lozenge. Consider the uniform
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294 KURT JOHANSSON
distribution on the set of all possible tilings of the a, b, c-hexagon with lozenges,
which corresponds to the uniform distribution on all plane partitions in the
a x b x c box. For simplicity we will now restrict ourselves to the case a = b = c.
A horizontal line k steps from the top, k = 0, . . ., a will intersect the vertical
lozenges at positions hl + 1, . . ., hk + 1, 0 < hl < < hk < a + k-1,
otherwise it passes through sides of the lozenges. A random tiling induces
a probability measure on the sequences h = (hl,... , hk). Interpreting the
formulas in Theorem 2.2 in [CLP] we see that the probability for h is

(5.18) P[h] (h) f a-1Zk,a k j) _ (hi - a+k-l1 1)
where Zk,a is a constant that can be computed explicitly. Note that the
measure is symmetric in the hi's so we can regard (5.18) as a measure on
{ 0, ... , a + k -I lk. Thus, again we get a discrete orthogonal polynomial en-
semble, this time with the weight

(5.19) w(x) = + a N + x
on {0, . . ., N}, with av = a-k and N = a + k-1. The orthogonal
polynomials for this weight are the Hahn polynomials, [NSU], so (5.18) should
be called the Hahn ensemble. If we do not have a = b = c we will again get a
weight function of the form (5.19) but with different values of cv, ,3 and N and
with a different number of particles. This model is further discussed in [Jo4],
but to obtain the Tracy-Widom distribution in this model is more complicated
due to the fact that it is less straightforward to compute the asymptotics of
the Hahn polynomials.
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